Pictures of Calculus: Learning That Lasts
Bernie Madison, University of Arkansas

Learning calculus, retaining that learning, and being able to transfer that learning to
different situations {applications) is our goal for all our calculus students. One of the
three principles derived from the results of learning research over recent years, as
reported in the book How People Learn is:

To develop competence in an area of inguiry, students must (a) have a deep foundation of
Jaciual knowledge, (b) understand facts and ideas in the context of the factual framework,
and (c) organize knowledge in ways that facilitate retrieval and application.

From my own leaming experiences, especially from my own study of calculus and other
mathematics, I have found that pictures (graphs, diagrams, etc.) help me to understand
facts and conceptual structures for those facts and to recall and use those facts and
concepts.

Another connection of pictures to developing competence concerns a major difference
between novices and experts. Experts seem to organize their knowledge and recall that
knowledge in batches, while novices' knowledge is often organized in small bits and
recalled accordingly. Pictures are ways of batching knowledge.

This presentation will focus on how [ believe pictures help to organize and explain
calculus.

What follows are several somewhat cryptic sketches of ideas of calculus. You will likely
recognize some of them and the ideas that they represent. In this session, I will fill in the
details and remove any mysteries of the pictures (with transparency overlays) and tell you
why I find the pictures so helpful in organizing, illuminating, and recalling information.
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l What i= assessment?

Comparing student learning with
the learning goals of an academic
program or curriculor block of an
academic program,
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Why is assessment done?

#Tha Universily adrinigiration mandated it
#The govemning board mancated it

KTha l=gickatune mandated i,

#The accrediling agendcy mandated it

M To evaluate academic programs a
M To evaluste studants

HTo evaluale faculty perfermance,
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What are better reasons for
assessment?

HETo mprove courses.

HETo mprmve academic programe.
#HTo mprove leaching.

#To enhance sludent lzaming.
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Principles of Assessment
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The Assessment Cycle o

Answers three gqueslions:

EWhat shoukd our students leam?
HEHaw well ara they Earning?

#Ewhnat shouwld we change sa thal
future studants will learm mode and
understand it better?
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Assessment Cycle in Mors Detall § 4

1. Articulote the keaming gpoals of the cumrcular
block and a set of ohjectEves that chould lead o
the sccomplishmemt of those goals:

L. Desipn atratepies (e.2. surmculum and
imatructicnal meilods) that will accomplish the
oipeciives, taking mio pecount sbadent bearning
experiences and diverse kenming steles; as well
=5 research on heaw sodenis keam,
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Assessment Cycle in More Detail § &

X, Digbermine the areas of stdent activities and
accomiplishments in which quality sill be judged.
Select assessment methods designed to measurne
stucent progress toward completion of goals and
abjiecizes.

4, Ciather assessment dats, summansze and
interpret the results

Assessment Cyele in More Detail §

5, Use the resubts of the ascesament (o
improve the curricular Block - e pavofl
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ASSESSMENTS MUST REST R THREE PILLARS,.
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Assessment Cycie — Briefer &4

=561 leaming posls and objactives,

W Desipr: slraleghes i accompish objeclives,
HEDalamirg eraas and mejhods of essessment,
e Gather agaessmant dala,

HUse the assassmart dalm o imgrove program,
¥Du il again,
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Goals 1-3 for AP Calculus®
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Goals 4-6 for AP Calculus
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Goals 7-89 for AP Calculus

¥ SrLadadtin SO0 B SRR b e R POMETw LD N i) a0k Bratee,
AT L ] FENAS, pd Rt T Condi

SR 6 Do D G B ki i e i o
O, PR ) B, SibA. A e sy, e ik o
e

B Sledhinits chookd op wn = dan ma 'Y
el p O e gmediad Gy e i @ Fra e e | b el

BALA o MAE LHEE [}




Assessment & Calculus

Be sure of what you are testing for.
o Look at goals and objectives to help
decide.
o Sometimes items are so broad one cannot
determine misunderstandings.

Determine what students do o demonstrate
learning/understanding. (Notice that AP
calculus learning goals are silent on this.)

Learn from your successes and failures.

Give students feedback - in class and on written
exams and homework.

Make students aware of kinds of assessment -
formative & summative - and purposes of
assessment and how the results will be used.

Make students aware of the nature of the AP
calculus examinations.
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Other possibilities: Representations
Dif ferential Equations



1997 AB EXAM

At what point on the graph of y= -1—_-(! is the tangent line parallel o the line

2x—dy= ?; 7
A
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(EX2:2)

Motes: See where the distroctors come from. Two of the points are not on the graph
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The area of the region enclosed by the graph of v= i +1 and the line v= 5 is
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Look at the regions that have areas equal to the distractors.
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Why would a student choose Ve?
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Let f he the function given by fix) = 3;

e |

(#} Find the domain of 1 Justily your answer,

(b} In the viewing window provided below, skeich the graph of [

{c} Write an equation for each horizontal asvmptote for the graph of f
{d) Find the range of £ Use '(x)to justify your answer.

4 3
Note: [fix)= A r
(2 +x+ 1)

2000 AB-3BC-3
Consider the curve given by o —x' =6,

{a) Show that d = 'Tlx'i—_},
g lxr=3
{b} Find gll points on the curve whose x-coordinate is 1, and write an equation for the
tangrent line at ench of these points,

{c) Find the x=coordinate of each point on the curve where the tangent 12 vertical.

Levels the technology playving ficeld.
Focuses the constructs being tested for on graphical analysizs and optimization.

Lessons Learned 1= 200H0
Crond examination questions that make essential use of technology are difficull w

write. Examination guestions that neutralize technology are easier to write.

What yvou value in students” responses will change from computation and
manipulation to analysis, setups, interpretations, amd justifications.

Students” responses will be more difficult to evaluate.

Difficult questions about forms of answers will arise,



