FUNCTIONS DEFINED AS INTEGRALS
Bridging Differential and Integral Calculus

Through The Fundamental Theorems
Gladys Wood

Historically, the basic concepts of definite integrals were used by
ancient Greeks, principally Archimedes (287-212 B.C.), which was many
years before the differential calculus was discovered.

In the seventeenth century, almost simultaneously but working
independently, Newton and Leibniz showed how the calculus could be
used to find the area of a region bounded by a set of curves by evaluating
a definite integral through anti differentiation. The procedure involves
what are known as “The Fundamental Theorems of the Calculus”. These
Fundamental Theorems provide a cornerstone — a bridge - that ties
differentiation (slope land) to integration (accumulation world).

How do you sequence your course for the following topics?

Anti differentiation rules, Riemann Sums and Trapezoidal Rule (Area
Approximation), Fundamental Theorems, Functions defined as integrals,
Comparison of the two uses for the integral symbol.

For this discussion let us assume that students have a familiarity with
anti derivatives and area approximation techniques.

DEFINITION: Let f be a function and “a”, any point in its domain.

Area Function:

Ax) = I f()dt = “signed” area defined by f from a to x.

y

“a” is the fixed edge of the boundary. } ;
y=f@)

Questions: Why use both x and t ?

t

If f is continuous, how do the domains of A(x) and f(t) compare?

Whatifa >x?
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Interesting Developments

1. What if f(t) is a constant function?

Choose {(t) = 5 and find A(x)=j5dt geometrically.
0

Notice anything?

2. What if {(t) is any linear function?

Choose f(t) = 6t and find A(x) = J-6tdt geometrically
0

Let x> 0.

Let x < O.

Notice anything?

Note: f(t) is increasing and A(x) is concave up.
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CALCULATOR:

Graph the following on window: x[-5,15] xscl 5 , y[-40,20] yscl 5, xres 5.
Copy graph onto space below.

TI-89 TI-83
y1(x) = 5-x y1=5-x
y2(x) = I(S—t,t,O, X) y2=fnint (y1,x,0,x)

Find coordinates of points A,B,C,D, and E as indicated and explain the
meaning of each point.

Now turn off y2 and type:
TI-89 TI-83
y3(x) = d(y2(x),x) y3 = Nderiv (y2,x,X)

Go to Tblset and let tblstart -5, Atbl.1
Look at the table and compare y1(x) and y3(x) !!!!

What is this telling you?

Sketch y=A(x) and by hand sketch y=A’(x) to confirm.
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MORE INTERESTING DEVELOPMENTS

(3) What if f(t) is non-linear?

Let f(t)z%andA(x)zji dt.

~ | =

Graph y={(t).

2

0

0 1 2 3 4

Approximate y=A(x) using trapezoids and sketch.

2

-1

What familiar curve does y=A(x) look like?
Note: {(t) is decreasing and A(x) is concave down.
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Let’s change the lower limit of our area function so that the antiderivative
does not have a zero value there.

Let A(x)= I6tdt. If x > 2, find the area.
2

Notice we have another antiderivative of f for our result.

From our examples it seems that we can state:
THE FUNDAMENTAL THEOREM OF CALCULUS, INFORMAL VERSION

For well — behaved functions f and any base point a, A(x) is an
antiderivative of f.

FORMAL PRESENTATION OF THE FUNDAMENTAL THEOREM

If fis a continuous function on some interval [a,b] and

A(x) = j f()dt, then A'(x)= f(x).

A geometric argument:

+h
A(x+h)y= ] f()dt
a

f*'"&—\

A(x+h) - A(x)

S

f(x)

NN

x
>
T
=1

<

a X x+h b a

X
A= [r a
4

-{

Note: Some text may use F(x)= [ f()dt. find F'(x) or ask fordij fr.
X
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THE FUNDAMENTAL THEOREM, PART II

Let f be continuous on [a,b], and let F be any antiderivative of {.
Then

[ fGodx=F®b)-F(a)
Reason:
Since F(x)=A(x)+c= jff(t)dt +c,

Then F(b)-F(a) = (A(b)+c) - (A(a)+c) =
= jf(t)dt -~ If(t)dt

= f f()dt

Concrete Example for students:

Suppose a car is traveling along a straight highway always in the
same direction, and its position from an initial point can be measured at
any time t. Let’s say car travels from t=0 to t=6 hours with velocity v(t)
miles per hour and position at any time t hours is s(t) miles from an
initial point.

As long as the car is traveling in the same direction, the total
distance traveled is also the change in position of the car from t=0 to t=6
or s(6)-s(0).

6
Now look at the area under the velocity curve over [0,6], jv(t)dt ,
0

and examine units.
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6
Conclusion: s(6)-s(0) is the same as J-v(t)dt. But v(t) =s'(t) so
0

6
5(6) — s(0)= j s'(¢)dt .
0
Wow — look at the Fundamental Theorem at work!

6

CAUTION: If the car reverses direction traveled, jv(t)dt will give

0
net displacement of car from initial position, not total distance traveled.

6
Total Distance Traveled = j v(0)| dt
0

ACCUMULATION OF RATES
The Fundamental Theorem is often used with the accumulation of a rate
of change over an interval and interpreted as the change in the quantity
over the interval:

[ f1eodx= f(b)- f(a)

Example A: (Stewart Test Bank)

The velocity of a particle moving along a line is 2¢ meter per second. Find
the distance traveled in meters during the time interval 1 < ¢t < 3.

A) 9 B)5 C)2 D)8

E)4 F)3 G)6 H)7

Example B: (Hughes-Hallett text)

A cup of coffee at 90°C is put into a 20°C room when t=0. If the coffee’s
temperature is changing at a rate given in °C by r(t)=-7¢™"", tin
minutes, estimate the coffee’s temperature when t=10.
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PROPERTIES OF A(X):
Let f and g be continuous functions on [a,b], ke Real Numbers,

A(x) = j f(t)dt

A(0)=0

Where f is positive, A(x) is increasing.

Where f is negative, A(x) is decreasing.

Where f is zero, A(x) has a critical (stationary) point.
Where f is increasing, A(x) is concave up.

Where f is decreasing, A(x) is concave down.

. jikf(t)dt = kj' ft)dt

o [F@+gwydi= [ fdi+ gt
. j f(t)dt = j f(Odt + j f(t)dt
e Iff(t)<g(t) on [a,b], then [f()dr < [g(t)ar.

Example C:

b b
Assume both f and g are continuous, a < b, and J. f(x)dx > .[ g(x)dx

(a) Must >

j]- f(x)dx

j.g(x)dx

(b) Must {(x) > g(x) for all x in the interval [a, b ]?
b b
(c) Does it follow that J-|f(x)|dx > .[|g(x)|dx?

b
Example D: Assume f is continuous, a < b, and j f(x)dx=0

(a) Does it necessarily follow that f(x)=0 for all x [a,b]?
(b) Does is necessarily follow that f(x)=0 for at least some x in [a,b]?

b
(c) Does it necessarily follow that .[ | f (x)|dx =0

(d) Does it necessarily follow that =0 Wood page 8
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Example from Ostebee - Zorn:

(1) Suppose f is continuous and J. f()dt =sin(x?).
0

X
Find an expression for jf(f)dt

i

Example from Ostebee — Zorn:
(2) Let A, (x)= J' Ox f(t)dt where fis the function graphed below.

Graph of f

‘ N i
1 N

]

21012345878 910

(@) Which is larger: A, () or A,(5)? Justify your answer.

(b) Which is larger: A, (7) or A,(10)? Justify your answer.

(c) Which is larger: A,(-2) or A, (-1)? Justify your answer.

(d) Whereis A, increasing?

() Explain why A, has a stationary point at x=6. Is this a local
maximum or a local minimum?

() Let F(x)= j2 f(0)dr . Explain why A, = F(x)+C where C is a
negative constant.
Example from Ellis and Gulick:
F
d . 5
3 —sin” x)dx =
(3) j (s’ )
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DEVELOP THE FUNDAMENTAL THEOREM BY OBSERVATION:

(4) Let F(x)=[@3¢ +4)dt
2
(a) Find an equation for y = F(x).
(b) Find F'(x) using part (a). Do you notice anything?
(c) Would the answer in part (b) change if the “2” was changed

tO “_577 ?

(d) Draw a conclusion about dij f@)dt =
X

2x
(5) Let F(x)= [(sint)ar
(a) Find an equation for y = F(x).
(b) Find F'(x).
(c) Does the conclusion in example 1 hold?

g(x)
(d) Draw a new conclusion about . '[ f@)dt =
X
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Examples:

(6)

(7)

(8)

Find F'(x) given:
5
(@) F(x)=J'3tsintdt

3x 1
(b) F(x)= jt4 o

0

Xz 1
(©) F(x)= j2+er dt

2x

Let g be the function given by g(x) =.
Which of the following statements about g must be true?

I. gisincreasing on (1,2).
II. gis increasing on (2,3).
1. g(3)>0

(A) Ionly

(B) II only

(C) I only

(D) II and III only
(E) I, 1II, and III

Example from Ellis and Gulick:

4

4x 4
Find the derivative of F(x)= di J' (1+1%)5dt.
X 0
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(9) Engineering Application from Johnston and Mathews:

The position of a valve in a circular pipe of radius 1 meter is a function

x = X(t) of time t. The valve opens to the right. The flow L through the
valve, measured in cubic meters per minute, is directly proportional to
the area of the shaded region. Given that x = x(t) = 2¢*,0<¢ <1, determine

the rate of change dL/dt in the flow when the valve is half open.

Closing valve.

10. From Stewart Calculus:

g(x) cos x
If f(0)= | L_ir, where g(x)= [[1+sin(r*)1dt , find f(%]

0 \/2+t3 0

11. Example:

Find the equation of the tangent line to the curve y = F(x), where

F(x)= F t>+7dt , at the point on the curve where x=1.
1
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12. Example from Finney, Demana, Waits, Kennedy:

fis the differentiable function whose y
graph is shown in the figure. The o ¥ =fx)
position at time t (sec) of a particle sb 6.3
moving along a coordinate axis is )L @22 (5.2)
t
s=jof(x)dx = )
(S R [T
meters. Use the graph to answer the L) 5\7/9
questions. Give reasons for your e
answers.

(a) What is the particle’s velocity at time
t=5?

(b) Is the acceleration of the particle at
time t=5 positive or negative?

(c) What is the particle’s position at time
t=3?

(d) At what time during the first 9 sec
does s have its largest value?

13. Let F be defined by the graph shown where f is continuous and
differentiable on (0, ); f(0)=0; O<a<b<c<d. Let F(x)= J-f(t)dt.

Tree

(a) F(a)=
(b) F(b)= \ %
(c) Is F(b) positive, negative, or zero?

(d) Is F(c) positive, negative, or zero?

(e) Is F(x) increasing or decreasing at x=c?

(f) Is F(a) positive, negative, or zero?

(g) Is F(x) concave up or concave down at x=c?

(h) Is F(x) concave up or concave down at x=d?

(i) At what value of x is F(x) a maximum? A minimum?
() Is F(O) positive, negative , or zero?
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14. From Salas, Hille, Etgen:

t . Determine: (a) F(0), (b) F’(0), (c) F7(0).

Let F(x)= 2x+IS1n(22t) d
o 1+

15. From Salas, Hille, Etgen:
(a) Sketch the graph of the function

2—-x,0<x<1

2+ x,1<x<3

-]

(b) Find the function F(x)= .[ f(t)dt,0< x <3, and sketch its graph.
0

(c) What can you say about f and F at x=17?

16. From Salas, Hille, Etgen:
Let F be defined by

F(x)=jf !

1+1¢2

dt , where x is any real number.

(a)Find the critical numbers of F and determine the intervals on which F
is increasing and intervals on which F is decreasing.

(b) Determine the concavity of the graph of F and find the points of
inflection (if any).

(c) Sketch the graph of F.
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On the AP Free Response questions in recent years, I have found uses of
the Fundamental Theorem for these years:

87BC6, 88BC6, 91BC4, 94AB6, 97AB3, 99AB/BCS5, 99BC6, 00AB4,
01BC5, 02AB/BC2, 02AB/BC4, 02AB6, 03AB3, 03AB/BC4,03BC2.

17. 1997 BC Multiple Choice:

x2

Let f(x)= J-sintdt . At how many points in the closed interval [O, N ]
0

does the instantaneous rate of change of fequal the average rate of

change of fon that interval?

(A) Zero
(B) One
(C) Two
(D) Three
(E) Four

18. 1995 BC 6 Free Response:

Let fbe a function whose domain is the closed interval [0,5]. The
graph of fis shown below.

Let h(x)= jog F()dr

(a) Find the domain of h.
(b) Find k'(2). t
(c) Atwhat xis h(x) a

minimum? Show the OF—T 2N 3[4 5
analysis that leads to your -1
conclusion.

-2

Graph of f
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19. 1997 BC Multiple Choice:

2
X

If fis the antiderivative of g such that f{(1) = 0, the f(4) =
+ X

(A)-0.012 B)0 (©)0.016 (D) 0.376 (E) 0.629

20. 1997 AB/BC 5 Free Response:

The graph of a function f consists of a semicircle and two line segments as shown above.

Let g be the function given by g(x) = jox f(@®)det .

(a)
(b)

()
(d)

Find g(3).

Find all values of x on the open interval (-2, 5) at which g has a relative maximum.
Justify your answer.

Write an equation for the line tangent to the graph of g at x = 3.

Find the x-coordinate of each point of inflection of the graph of g on the open
interval (-2,5). Justify your answer.
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21. 1991 BC4 Free Response
2x

Let F(x)= I Nt* +tdr.
1

(a) Find F’(x).

(b) Find the domain of F.

(c) Find 111111 F(x).

x—o—
2

(d) Find the length of the curve y=F(x)on 1<x<2.

22.2002 BC Free Response Form B

TN

Graphof f

The graph of a differentiable function f on the closed interval [-3,15] is shown in the figure above. The

graph of f has a horizontal tangent line at x = 6. Let g(x) = 5+ J.éx f(t)dt for —=3<x<15.
(a) Find g(6),2’(6),and g”(6).

(b) On what intervals is g decreasing? Justify your answer.
(c) On what intervals in the graph of g concave down? Justify your answer.

15
(d) Find a trapezoid approximation of J. X f (t)dt using six subintervals of length At = 3.
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Multiple Choice from Stewart Test Bank:

23. Evaluate % [ Va1

A) NP +1 B) —v* +1
C) 2t D)t +1
E) 2t (\/t2 +1) F) 2¢ (—\/t2 +1)
G) 2 (Vr+1) H) 2 (~r+1)
2 —
24. Let f(x) = .[ xt—42 dt . At what value of x does the local maximum of f{x) occur?
01+cos ¢
A) -4 B) -3 C)-2 D) -1
E) 0 F) 1 G)2 H) 3
s dt . d’y
25. Let y= . Find .
ety L P +1+1 n dx?

A (18x+3) B) 3(18x+3)

(9x> +3x+1) (9x> +3x+1)

—3(18x+3) 3(18x+3)
(9x2 +3x+1) (9x2 +3x+1)
(18x+3) (18x+3)
(9x2 +3x+1) (9x2 +3x+1)
(18x+3)’ —-3(18x+3)°

G) H)

(0x2 +3x+1) (0x2 +3x+1)

x
26. If F(x)= J’O Vit +20dt, find the value of F'(4).
A) B) 1 C) 3 D) 2
2
F) 3 Q)

| | =

E) H) 4

NSRS
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Example 27: Evaluate lim( al I Lnta’t}

=3 x=35

2 2—c
Example 28: If J- f(x—c)dx =5where c is a constant, then J. f(x)dx =
1 _

1-c

(@) 5+c (b)5 (c)5-¢ (d)c-5 (e)-5

Example 29: (1998 BC multiple choice)

X
a b

et g(x)= " f( t,where a < x <b. The figure above shows the graph of g on [a, b]. Whic
Let g(x) (t)dt, wh <x<b.Thef b h h h of [a, b]. Which

9]

of the following could be the graph of fon [a, b]?

(A) y (B) v < v
[ f
0 \\\//b N = o /\\/z *
Ol a a
(D) :’ (E) v
f
(0] Q b - O a/ b *

Example 30: (1998 AB multiple choice)

k
What are all values of k for which J' xldx=07?
33

(@)-3 ()0 ()3 (d)-3and3 (e)-3,0, and 3
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AP Calculus AB-4 / BC-4

Final Draft for Scoring 2002

The graph of the function f shown above consists of two line
segments. Let g be the function given by 33
(2) Find g(-1),g'(-1), and g" (D). 2|
(b) For what values of x in the open interval (-2, 2) is g increasing? 1t
Explain your reasoning.
(c) For what values of x in the open interval (-2,2) is the graph of g _é ol 1\ >
concave down? Explain your reasoning. By
(d) Sketch the graph of g on the closed interval [-2, 2].
24
-2,-3) 2.-3)
Graph of f
-1 0 3 1:g(-1)
a -I)= tydt =— tdt =——
W g=[fod=-] fdi=-3 e
g=h=f(=)=0 1:g”(=1) MEAN:
gD =f'(-1)=3 AB: 3.51(4.53)
BC: 5.32(5.75)
(b) g isincreasing on —1< x <1because ) 1:interval
g’(x)= f(x)>0 on this interval. 1:reason
(c) The graph of g is concave down on
0<x<?2 because g”’(x)=f'(x)<0on 5 1:interval
this interval. 1:reason

or
because g’(x) = f(x)is decreasing on
this interval.

(d y

[\

-

:8(=2)=¢0)=g(2)=0
:appropriate increasing/decreasing

and concavity behavior

< —1> vertical asymptote

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
AP is a registered trademark of the College Entrance Examination Board.
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AP Calculus AB-4/BC - 4 FINAL DRAFT FOR SCORING

Let f be a function defined on the closed interval —3 < x <4 with
f(0)=3. The graph of f’, the derivative of f, consists of one line

segment and a semicircle, as shown.

(a) On what intervals, if any, is f increasing? Justify your answer.

(b) Find the x- coordinate of each point of inflection of the graph of f "3 -
on the open interval -3 < x <4 . Justify your answer.

(c) Find an equation for the line tangent to the graph of f at the point

(0,3).

(-3.1)

2003

(d) Find f(-3) and f (4). Show the work that leads to your answers. Graph of f*

4.-2)

(a) The function f is increasing on [-3,-2] since
f’>0for —3< x<-2.

(b) x=0andx=2
f’ changes from decreasing to increasing at

x =0 and from increasing to decreasing at
x=2

© f'=2

Tangent line is y=-2x+3

@ fO-f3)=[" o

1 1 3
= OO - @@2)=-7

F(3)=f0)+

N | W

2
2
4 ’
f@=fO= [ o
= —(8—%(2)27£j:—8+275

f@=f0)-8+27=-5+2x

5. 1:interval
"|1:reason

2‘{I:JC:Oandx:20nly

1: justification
1:equation

ol

(difference of areas of triangles)

1:answer for f(=3) using FTC

1:1(8—%(2)%:)

1:answer for f(4) using FTC

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
AP is a registered trademark of the College Entrance Examination Board.

MEAN:
AB: 2.68 (3.37)
BC: 4.14 (4.42)
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(1999 AB-5/BC-5 Free Response) Mean 1.53 AB, 3.26 BC

The graph of the function f, consisting of three line segments, is

given. Let g(x)= ff(;)dz .

(a)
(b)

(©)
(d)

Compute g(4) and g(-2). 4
Find the instantaneous rate of change of g, with respect to x, at "
x=1.

1
Find the absolute minimum value of g on the closed interval /
[-2,4]. Justify your answer. |
The second derivative of g is not defined at x =1 and x = 2. 24

How many of these values are x-coordinates of points of
inflection of the graph of g? Justify your answer.

(a)

(b)

(c)

(d)

! 3.1 1.5
g(4)—£f(t)dt—§+l+5—5—5
)= {frdi=—L012)=—6
§(-2)= fdr=--02)=

gh=r=4

g is increasing on [-2,3] and decreasing on [3.4].

Therefore, g has absolute minimum at an
endpoint of [-2,4].

Since g(-2) = -6 and g(4) = %,

the absolute minimum value is -6.

One; x=1

On (-2,1), g"(x)= f'(x)>0

On (1,2), g"(x)= f'(x)<0

On (2,4), g"(x)=f'(x)<0

Therefore (1, g(1)) is a point of inflection and
(2, g(2)) is not.

5 {1:g<4>
1:g(-2)

1: answer

1:interior analysis
3 .1:endpoint analysis

1:answer

1:choice of x=1only
3<1:show (1, g(1))is a point of inflection
1:show (2, g(2))is not a point of inflection
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ANSWERS TO FUNDAMENTAL THEOREMS PAPER:
Pages 7 - 8:
Examples: (A) D, (B)45.752°C , (C) no,no,no, (D) no,yes,no,yes
Pages 9-19

Examples:
(1) sin(x*) -1

(2) (@) A(5), (b) A(7), (c) A(-1), (d) (-2,6), (e) maximum, (f) Area from t=-2 to t=0 is
negative.

31

(4) x* +4x-16,3x> +4, No, f(x)

&) _COS(zx)+l’25in(2X),N0,f(g(x))- d(g(x))
2 dx
(6) —3xsin x,——, _22 L2 :
8lx" +1 2+e™ 24"
(HB
(8) 5152x (1416x7) 5
(9) 4k~2
(10) -1

(1) (y-0)=2(x-1)
(12) 2 m/s, negative, 4.5m, t=6s
(13) 0,0,+,-,dec, +, down, up, max at b, min at d, -

(14)0,2,2
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2
2x- 0<x<1
15) F(x) =

2
2x+%—1,1<x$3

f is discontinuous at x=1 but F is continuous at x=1 but not differentiable at x=1.

(16) (a) no critical values; always increasing
(b) IP (0,0); concave up for x<0 and down for x>0

(c) Should look like the graph of y =Tan™"(x).
17 C
(18) (a) [-6,4] (b) -3/2 (c) x=4 is absolute minimum. ( x=-6 is endpoint minimum.)

(19)D

(20) (a) 75—%, (b) max at x=2, (¢) y—7£+%=—1(x—3) , (d) x=0, x=3

(21) (a) 244x* +2x , (b) x>0 ( f(t) must be continuous on its domain so x < —% must

be eliminated from allowed domain.), (c) 0, (d) 7
(22) (a) 5.3.0, (b) [-3,0) or (12,15], (c) (6,15], (d) 9
(23)F

(24) C

(25)C

(26) C

(27) sin(3)

(28)B

(29) C

(30) A
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